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Abstract 
Elapsed laboratory time does not uniquely determine how much a system has evolved. This article proposes 

boundary-relative state-time as a systems-measurement framework for accumulated histories indexed by explicit 

analytical boundaries. Its primary contribution is a measurement-lineage rule: when a boundary is enlarged at 

inherited resolution, contained histories and their measurement semantics must remain recoverable and coherent; 

otherwise the larger model is a replacement rather than an extension. The framework separates direct full-boundary 

accumulation, component-preserving ledgers, and optional scalarization, and distinguishes analytical boundary 

expansion from coarse-graining or physical modification. Geometric and event-count examples show nonempty 

admissible constructions and pre-outcome rejection criteria, while an LED thermal-coupling case illustrates 

boundary reclassification without claiming predictive validation. Empirical usefulness is reserved for prospective 

tests of pre-specified implementations against established domain metrics. 

Keywords: system boundary; state-time; accumulated history; measurement lineage; nested-boundary composition; 

coarse-graining; systems theory 

Practitioner Points 

• Expanding a system boundary should not silently change the calibrated meaning of the history already assigned 

to a contained subsystem. 

• Preserve heterogeneous component histories before aggregation; a direct full-boundary scalar and a ledger 

scalarization answer different questions. 

• Distinguish boundary expansion from coarse-graining and model replacement so changes in reported history 

remain traceable to physics, resolution, or measurement lineage. 

1. Introduction 
Clock time answers when and for how long a system exists or is observed. It does not, by itself, determine how 

much the system has evolved. Two systems can experience the same laboratory duration while undergoing very 

different thermal, structural, chemical, electrical, or computational trajectories. Conversely, two systems can arrive 

at similar measured endpoints through histories that differ in the amount, direction, and rate of internal change. A 

sufficiently specified bounded system may therefore admit one or more accumulated internal-evolution coordinates 

that need not advance uniformly with external laboratory time; the question developed here is how such coordinates 

remain interpretable when the analytical boundary changes. 

This distinction is not unprecedented. Intrinsic or material time has been proposed in aging and dissipative 

systems [1-4]. Thermodynamic length treats transformations as metric distances between thermodynamic states and 

links path geometry to dissipation [5]. Information length describes accumulated motion through statistical-state 

space [6,7]. Stochastic thermodynamics uses dynamical activity and related kinetic quantities to count or weight 

trajectory-level changes and derive speed limits and uncertainty relations [8-10]. These lines of work establish that 

elapsed laboratory time is not the only meaningful temporal coordinate for evolving systems. 

The proposal does not claim novelty for state-space trajectories, internal or additive clocks, activity measures, 

system boundaries, open-system composition, functorial restriction, or boundary energy accounting individually. Its 

narrower contribution is an accumulated-history measurement-lineage architecture for nested analytical boundaries: 



 

once a subsystem history and its measurement semantics are declared, enlargement at inherited resolution must 

preserve their recoverability and meaning if the larger description is to count as an extension of the same analysis. 

Added histories may be retained without forcing them into one scalar, and a changed inherited rule is treated as a 

new model lineage rather than as an effect of boundary movement. The boundary is therefore prior to any chosen 

metric or accumulation rule. 

The framework therefore separates six questions that are often collapsed: (i) What is the system boundary? (ii) 

What variables define the system's state for the problem of interest? (iii) What energy, matter, information, and 

control flows cross the boundary in either direction? (iv) What transitions are accessible from the current state under 

the present environment and coupling? (v) By what pre-specified rule should the resulting internal evolution be 

accumulated relative to external time? and (vi) if the boundary is expanded or contracted, what parts of the previous 

accounting must remain invariant? 

State-time does not replace laboratory time, energy, entropy, accumulated dose, damage measures, or 

established domain metrics, and no single equation defines it. Implementations may use weighted path length, event 

counts, thermodynamic or information-geometric distance, endochronic measures, or another pre-specified domain 

rule. The contribution is narrower: preserve measurement lineage as nested analytical boundaries change. 

Restriction maps, ledgers, and aggregation rules make that requirement operational; the examples show that 

admissible constructions exist and can reject some alternatives before outcome fitting; prospective studies test 

whether an implementation adds value beyond established metrics. 

2. Boundary-First Definitions 
Choose the boundary B before interpreting quantities inside it. The boundary may be physical, functional, or 

analytical. 'Bounded' does not mean closed: the framework also applies to open systems, so relevant exchanges 

across B must be recorded. A thermodynamically closed system excludes matter transfer; an isolated system 

excludes both matter and energy transfer. 

Accounting across B is bidirectional. Energy, matter, and information may enter, leave, or be redirected, while the 

environment can change which internal pathways are available. Expanding B can turn a former boundary flux into 

an internal transfer without changing the physical event. 

For a chosen boundary B, let xB(t) be the state vector containing the variables judged relevant to the question. 

The state vector is not required to include every microscopic degree of freedom. It is an operational model. A 

thermal aging problem may use temperatures, gradients, and structural markers; an electrical reliability problem 

may use current, voltage, junction temperature, and degradation observables; a computational problem may use 

activation, memory, or routing states. 

Because the components of xB can have different physical dimensions, define normalized coordinates zB using 

reference scales si: 

zi(t) = [xi(t) − xi,ref] / si    (1) 

The reference scales may represent measurement resolution, engineering tolerance, a failure threshold, a natural 

fluctuation scale, or another domain-specific rule scale, and must be declared within MB. Here “rule calibration” 

means the declared parameterization and reference semantics of MB - scales, weights, event definitions, 

normalization, and observational conventions - not VIM metrological calibration unless traceability is explicitly 

documented. A valid implementation must describe the same physical history consistently under coordinate change. 

For a geometric implementation, WB therefore transforms as a covariant weighting tensor and, when positive 

definite, as a Riemannian metric tensor. Nested-boundary inherited-block tests are evaluated relative to the declared 

subsystem projection or splitting: reparameterizations preserving that projection may change coordinates but not the 

inherited bilinear form; arbitrary mixing of inherited and newly added coordinates changes the decomposition and is 

a model change. 



 

2.1. Core quantities 
Symbol Meaning Role Notes 

B Chosen system boundary Defines what is counted 
Changing B can reclassify a 

flow as external or internal. 
t External/laboratory time Reference coordinate Measured by ordinary clocks. 

zB(t) Normalized state vector 
Locates the system in state 

space 
Domain-specific variables and 

scales. 

γB
full(t) 

Direct full-boundary rate 

density (when defined) 

Rate density for the 

absolutely continuous 

subclass of direct scalar 

histories 

Not required for 

jump/singular additive 

histories; not identical to 

power or energy flux. 

ξB
full 

Direct full-boundary 

state-time 

Scalar accumulated 

history from MB applied 

to the complete state at 

boundary B 

May include coupled 

motion/cross terms; need 

not equal a scalarization 

of ΞB. 

ΦE Energy flux across boundary Driver/constraint 
May include heat, work, 

electrical, chemical, radiative 

terms. 

𝒯B Accessible transition set Constrains possible evolution 
Depends on state, 

environment, barriers, and 

coupling. 

u(t) Control action Deliberate intervention 
May be internal or external 

depending on B. 
MB Measurement / accumulation 

rule 
Defines what relevant change 

counts 
Must be explicit, domain-

calibrated, and preferably pre-

specified before outcome 

testing. 
ΞB Boundary-composition 

history ledger 

Preserves declared 

component histories under 

boundary expansion 

Primary composite 

accounting object; 

heterogeneous entries 

remain separate before 

justified aggregation. 
πB Projection onto a contained 

boundary 
Recovers embedded 

subsystem history 
Enforces consistency for B₁ ⊂ 

B₂. 

πji History projection from Bj 

to contained Bi 

Recovers inherited 

subsystem trajectory 

Must compose coherently 

across nested boundary 

chains. 

Rji Measurement-rule 

restriction 

Tests whether MBj 

genuinely extends MBi 
Must satisfy Rki = Rji ∘ Rkj 

for nested boundaries. 

pji State-space projection 

from expanded to 

inherited boundary 

Identifies inherited state 

coordinates 

Used to define fiberwise 

metric compatibility in 

product/local descriptions. 

cB Coarse-graining map Reduces model resolution Distinct from boundary 

projection; may 

intentionally discard 

information. 

𝓗(B) History-data assignment 

at boundary B 

Stores admissible 

histories/records 

Restriction maps πji form 

a contravariant functor / 

Set-valued presheaf over 

nested boundaries. 

𝓜(B) Measurement-rule 

assignment at boundary B 

Stores admissible 

accumulation rules 

Restriction maps Rji 

preserve inherited 

measurement semantics as 

a contravariant rule 
family. 



 

Symbol Meaning Role Notes 

σB Optional ledger 

scalarization 

Scalar summary SB(ΞB) of 

declared ledger 

components 

Requires an explicit 

compatible aggregation 

rule; generally distinct 

from ξB
full. 

𝓛(B) Ledger domain at 

boundary B 

Stores labeled 

component-preserving 

ledger objects 

Heterogeneous entries 

need not share a common 

algebraic structure. 

𝓢(B) Scalarization-rule 

assignment at boundary B 

Stores admissible optional 

aggregation maps SB: 

𝓛(B) → ℝ≥0 

Used only where ledger 

aggregation is 

meaningful; boundary-

local by default. 

Tji Aggregation-rule 

restriction from Bj to Bi 

Preserves inherited 

scalarization semantics 

when cross-boundary 

comparison is claimed 

Must satisfy 

identity/composition laws 

analogously to Rji. 

 

3. From Boundary to State-Time: Theory and Measurement 
Let ΓB[t₀,t₁] denote an admissible bounded history record over an interval, and let 𝓗(B) denote the domain of 

such records. Let 𝓜scalar(B) denote measurement rules that return a direct scalar accumulated history. For the direct 

scalar case, define the accumulation map AB: 𝓗(B) × 𝓜scalar(B) → ℝ≥0 by: 

ξBfull[t₀,t₁] = AB(ΓB[t₀,t₁]; MB)    (2) 

A valid direct scalar state-time implementation is nonnegative, history-sensitive, and additive across adjacent 

intervals under a fixed boundary and rule. Here history-sensitive means that the functional need not be determined 

solely by terminal state and may distinguish histories that share the same endpoints; it does not require a distinct 

scalar value for every distinct trajectory. It equals zero whenever the record contains no evolution that MB declares 

relevant. In unreduced coordinates, the converse need not hold if MB explicitly declares some directions irrelevant 

or null. The rule MB determines what counts as relevant change and how different changes are weighted. Non-

additive but consistently composable native history objects - for example a maximum excursion, multiplicative 

survival quantity, or stateful damage record - may still be preserved as components of ΞB, but they are not denoted 

ξB
full unless mapped to an explicitly additive accumulated coordinate. For composite boundaries, ξB

full is not the 

same object as the component ledger ΞB or an optional ledger scalarization σB introduced in Section 3.5. 

ξB
full(t₀,t₁) = ∫[t₀→t₁] γB

full(t) dt    (3) 

Equation (2) is the general direct-scalar definition. When the additive functional is absolutely continuous with 

respect to laboratory time, it admits a rate density γB
full(t) and may be represented by Equation (3). Equation (3) is 

therefore a special case, not a requirement on every admissible additive history. Additive functionals may also 

contain jumps or singular contributions; the threshold-event construction in Section 3.10 is temporally additive 

when detector state is inherited across interval boundaries but need not possess an ordinary instantaneous rate 

density. The framework can therefore retain event-count and other additive histories without forcing them into a 

continuous-rate representation. 

3.1. Candidate geometric realization 

γBfull(t) = √(żB(t)ᵀ WB[zB(t),t] żB(t))    (4) 

Here WB is a positive-semidefinite weighting tensor; when positive definite, it defines a Riemannian metric 

tensor. Positive semidefiniteness is permitted only when any null directions are explicitly declared irrelevant under 

MB; equivalently, the induced form must be positive definite on the quotient of state directions regarded as relevant. 

If every nonzero declared state direction is relevant, WB must be positive definite. This candidate makes ξB
full a 

weighted path length through the complete chosen state description: back-and-forth motion contributes in both 



 

directions even when net endpoint displacement is small, and cross terms may represent coupled motion between 

state coordinates. It is useful because it is simple and testable, not because weighted arc length is claimed as a new 

mathematical object. 

For discrete observations, the same geometric candidate can be approximated as: 

𝜉𝐵
𝑓𝑢𝑙𝑙

≈ ∑ 𝑑𝐵(𝑧𝑘,𝑧𝑘+1)𝑘  (5) 

where dB is a pre-specified domain distance between successive states. Euclidean distance after normalization, 

Mahalanobis distance, information-geometric distance, thermodynamic distance, or an empirically validated metric 

are all possible. If another measure predicts the domain outcome better under held-out testing, the framework 

permits that substitution. 

Equation (4) is not intended to assign ordinary geometric length to arbitrarily fine noisy or stochastic trajectories. 

For Brownian-like paths, ordinary arc length can diverge as sampling resolution increases. The observation scale, 

filtering, event definition, or stochastic/information-geometric construction must therefore be declared inside MB. 

Derivative-based geometry is admissible only when the trajectory is sufficiently resolved and finite at that scale; 

otherwise finite increments, transition counts, or stochastic measures should be used. A state-time result that 

changes solely because the same physical record was oversampled is not an admissible implementation. 

 

Figure 1. Two trajectories can share the same initial and terminal states while accumulating different state-time. 

3.2. Energy drives change but does not define it 

Energy is necessary to many physical state transitions, but energy input is not itself the proposed state-time 

coordinate. Equal energy inputs can produce different trajectories when the energy is delivered through different 

pathways, at different rates, under different environmental conditions, or when different transitions are accessible. 

Represent the state dynamics generically as: 

żB = FB(zB, ΦE,in, ΦE,out, ΦM, u, η, 𝒯B)    (6) 



 

where ΦE,in and ΦE,out denote energy fluxes entering and leaving the chosen boundary, ΦM matter fluxes where 

relevant, u control inputs, η environmental conditions, and 𝒯B the set of accessible transitions. Equation (6) is 

deliberately generic. It expresses the central distinction: energy and environmental constraints drive, redirect, or 

remove capacity for change, while ξB
full measures the relevant trajectory actually taken under a chosen direct scalar 

rule. Net energy retained is therefore not sufficient to specify state evolution. 

This separation avoids a common dimensional error. Joules measure energy; watts measure energy per time. A 

state-time metric should not be renamed energy. If two systems receive the same joules yet follow different 

normalized state trajectories, a given direct measurement rule may produce different ξB
full values. 

3.3. Accessible transitions and the environment 

The environment does more than add or remove energy. It can alter transition barriers, reaction pathways, phase 

behavior, heat-transfer coefficients, mechanical constraints, or control authority. Shielding gas in welding is an 

illustrative case: its central effect is not simply to reduce energy loss, but to change the chemical environment so 

that oxidation and contamination pathways become less accessible. Similarly, coolant in an engine exports thermal 

energy and changes which temperature-dependent failure transitions are reachable. 

This motivates treating the accessible transition set 𝒯B as an explicit part of the model. The same current state 

and nominal energy input need not yield the same next state when 𝒯B differs. 

3.4. Nested boundaries and hidden control cost 
Boundary choice determines whether a transfer is classified as external or internal. If B₁ contains only an 

engine, heat transferred into coolant is an energy export. If B₂ contains engine plus cooling loop, the same heat 

transfer is internal redistribution and only radiator/environment exchange crosses the larger boundary. No physics 

changed; the accounting classification did. This reclassification motivates a formal requirement: boundary 

expansion may change the bookkeeping of exchanges, but it must not rewrite the already-defined state history of the 

embedded engine subsystem. Section 3.5 therefore treats the declared exchange/forcing record as part of ΓB, so 

restriction can reclassify a larger-boundary internal transfer as a contained-boundary external exchange without 

changing the underlying physical event. Throughout this article, boundary expansion means analytical inclusion of 

an already-existing part of the same physical realization while retaining inherited resolution. Physically adding a 

controller, cooling device, material, or other subsystem changes the realized system and its trajectory; that is a 

system modification, not merely movement of the analytical boundary. 

 

Figure 2. Expanding the boundary can reveal controller or stabilization costs that appear free under a narrow boundary. 



 

The same logic applies to active control. A plant that appears stable only because an external controller 

continuously senses, computes, and actuates may have low internal variability under B₁ while imposing substantial 

state change and energy cost in the controller. Expanding the boundary to B₂ prevents the stability claim from 

hiding that burden. 

This yields a practical accounting rule: whenever an optimization appears to eliminate state change locally, 

expand the boundary until the sensing, actuation, heat rejection, maintenance, or coupled subsystem that enables the 

result is either included or explicitly declared external. The next subsection formalizes what such expansion is 

allowed to change and what it must preserve. 

 

Figure 3. Boundary-first accounting: state evolution is interpreted only after the system and cross-boundary exchanges are specified. 

3.5. Nested-boundary composition: restriction, coherence, and ledgers 

The central boundary rule is an extension rule, not universal scalar additivity. Let 𝓑 be a partially ordered collection 

of admissible system boundaries, ordered by inclusion. For Bi ⊂ Bj, let 𝓗(B) denote the admissible history records 

at boundary B. A record ΓB = (zB, ΦB) contains internal state history plus the declared exchange/forcing records 

needed to interpret it and recover contained-boundary accounting. For a declared hierarchy and resolution, ΦB is 

sufficiently resolved and labeled to support every admissible restriction. Let πⱼᵢ: 𝓗(Bj) → 𝓗(Bi) restrict a larger 

record to the inherited variables and resolution. Its state component recovers the inherited state history; its 

bookkeeping component re-expresses transfers crossing Bi as Bi boundary exchanges without changing the physical 

event. For an observed history ΓBⱼ at inherited resolution: 

π₂₁(ΓB₂) = ΓB₁    (7) 

Equation (7) defines boundary expansion at inherited resolution: the larger description retains enough information 

to recover the prior subsystem history and relevant exchange accounting. A transfer internal to B₂ may reappear as 

external across B₁; the physical event, inherited state history, and measurement semantics are unchanged, only its 

boundary classification. Equation (7) alone is a consistency convention; the nontrivial requirement is coherent 

restriction across the hierarchy. 

For B₁ ⊂ B₂ ⊂ B₃, the history restrictions must satisfy identity and composition laws: 

πᵢᵢ = id,      π₃₁ = π₂₁ ∘ π₃₂    (8) 



 

Thus a whole-system description cannot produce one B₁ history when restricted directly and a different B₁ history 

when restricted through an intermediate boundary. If the history collections 𝓗(B) are treated as sets, the assignment 

𝓗: 𝓑ᵒᵖ → Set together with the π maps is a contravariant functor, equivalently a Set-valued presheaf on the 

boundary poset. The present paper does not claim novelty for this mathematical pattern [11,12]. Its use here is to 

constrain how accumulated-history measurements may change when the analytical boundary changes. 

Measurement rules obey an analogous restriction architecture. Let 𝓜(B) be the admissible 

measurement/accumulation rules at boundary B, and let Rⱼᵢ: 𝓜(Bⱼ) → 𝓜(Bᵢ) restrict an expanded rule to the 

inherited subsystem semantics. Operationally, MB is a declared rule bundle containing, as applicable, the 

observables or state coordinates to be evaluated, normalization/reference scales, observation resolution and 

sampling conventions, parameters or weights, event/edge/hysteresis conventions, and the evaluator/composition rule 

that maps an admissible history record to the chosen accumulated object. Rⱼᵢ restricts that declared bundle to the 

inherited semantics rather than being chosen retrospectively from outcomes. A valid extension requires: 

R₂₁(MB₂) = MB₁    (9) 

with identity and composition: 

Rᵢᵢ = id,      R₃₁ = R₂₁ ∘ R₃₂    (10) 

Equations (9)-(10) distinguish extension from replacement. Boundary enlargement may not silently change the 

scale, weighting, event definition, or resolution used for inherited history. A different B₁ rule is allowed only as an 

explicitly declared model replacement. If added context shows that the earlier rule was physically incomplete, 

recalibration is permitted but begins a revised lineage rather than ordinary boundary expansion. When the rule 

collections 𝓜(B) are sets, 𝓗 and 𝓜 may be represented as contravariant functors over the boundary poset; no 

sheaf/gluing theory is required here. 

Definition (accumulated-history measurement lineage). Over a declared nested boundary hierarchy 𝓑, a 

measurement lineage is a compatible family of measurement rules {MB} indexed by B ∈ 𝓑 together with coherent 

restrictions Rⱼᵢ such that Rⱼᵢ(MBⱼ) = MBᵢ for every inherited-resolution inclusion Bᵢ ⊂ Bⱼ, with the identity and 

composition laws of Equation (10). A realized history family {ΓB} is compatible with that lineage when πⱼᵢ(ΓBⱼ) = 

ΓBᵢ and the history restrictions obey Equation (8). Multiple realized history families may therefore be instantiated 

within the same measurement lineage. “Same measurement lineage” refers to preserved measurement semantics; 

each observed realization must additionally satisfy compatible history restriction. A rule change that fails inherited 

restriction begins a new lineage. 

Given the history and rule restrictions in Equations (7) and (9), evaluation consistency can be summarized by the 

commuting relation ABᵢ(πⱼᵢΓBⱼ; RⱼᵢMBⱼ) = ABᵢ(ΓBᵢ; MBᵢ) = ξBᵢ
full for Bᵢ ⊂ Bⱼ at inherited resolution. This relation is not 

an additional independent axiom; it records the consequence that evaluating the restricted history under the 

restricted rule reproduces the already-defined contained-boundary quantity. It does not require ξBⱼfull = ξBᵢ
full: the 

larger boundary may add state, coupling, and accumulated history while preserving the contained evaluation 

semantics. 

The geometric realization gives a concrete compatibility condition without choosing an arbitrary fixed slice of the 

newly included subsystem. Suppose the expanded state space factors locally as ZB₂ = ZB₁ × ZC with projection 

p₂₁(z₁,zC)=z₁. Let gB₁ and gB₂ be the subsystem and expanded metrics. For every added-subsystem state zC and for all 

inherited tangent directions v₁,w₁, require: 

gB₂|(z₁,zC)((v₁,0),(w₁,0)) = gB₁|z₁(v₁,w₁)    for all zC    (11) 

In block-matrix notation, Equation (11) is equivalently the fiberwise condition: 



 

W₁₁(z₁,zC,t) = WB₁(z₁,t)    for all zC    (12) 

Some candidate WB₂ fields are inadmissible because the meaning of pure inherited B₁ motion would depend on the 

newly included subsystem state. Cross terms may exist and coupling may alter actual trajectories; what cannot 

change under ordinary boundary expansion is the value assigned by the inherited rule to a pure inherited direction. 

In projection-compatible coordinates this direction is (v₁,0), yielding Equations (11)-(12). In invariant terms, the 

larger bilinear form restricted to the declared inherited tangent subbundle must equal gB₁. Non-product spaces may 

use a projection/submersion-compatible restriction; the product form is the practical representation used here. 

For a larger composite boundary, the conservative accounting object is a ledger rather than an immediate scalar. Let 

𝓛(B) denote the domain of labeled ledger objects at boundary B, with ΞB ∈ 𝓛(B). The component decomposition 

itself is part of the declared boundary model: each entry has an identified subsystem or explicitly modeled interface, 

a state/history record, and an associated measurement rule or native history representation. If C is newly included 

material, controller, environment, or other already-present subsystem and I is an explicitly modeled state-bearing 

interaction/interface when needed, define: 

ΞB₂ = (ΞB₁, ΞC, ΞI)    (13) 

The labeled tuple represents component-preserving bookkeeping: boundary expansion appends declared accounting 

entries rather than overwriting them, without implying that the heterogeneous entries belong to a common vector 

space, group, or other algebraic structure. The ledger preserves component histories in their own declared 

measurement coordinates or native representations. An interaction/interface entry ΞI is included only when I has 

been explicitly declared as a state-bearing component with its own history rule; a cross term in a full-boundary 

metric does not by itself create an interaction ledger entry. Coupling may alter the component trajectories through 

the dynamics and may also contribute to ξB
full through full-metric cross terms, but neither effect is allowed to erase 

or retroactively redefine a preserved ledger component. 

Nested-boundary ledger construction must also be coherent under canonical regrouping. Here the symbol ≅ refers 

to equality of the declared component identities and their preserved history values up to ordering or 

parenthesization; it does not license an analyst to repartition the larger system after the fact. Component-preserving 

coherence is therefore conditional on the declared system decomposition: the present framework does not supply a 

unique canonical partition for an arbitrary coupled physical whole. For B₁ ⊂ B₂ ⊂ B₃, expanding from B₁ to B₃ 

directly and expanding first to B₂ and then to B₃ must preserve an equivalent final ledger after the same declared 

components are identified: 

ΞB₃(direct) ≅ ΞB₃(staged)    (14) 

This is a coherence requirement on nested-boundary accounting. It does not claim a general gluing theorem for 

overlapping non-nested subsystems. Such gluing would require additional compatibility conditions on overlaps and 

is outside the present scope. 

A scalar ledger summary is secondary to any direct full-boundary metric. Let 𝓢(B) denote admissible declared 

scalarization rules, with each SB: 𝓛(B) → ℝ≥0 where aggregation is meaningful; no scalarization is required for 

incommensurate entries. Scalarizations are boundary-local by default. Cross-boundary comparison requires a 

coherent restriction family Tⱼᵢ: 𝓢(Bⱼ) → 𝓢(Bᵢ), with identity/composition laws and Tⱼᵢ(SBⱼ) = SBᵢ. This preserves 

inherited weights, normalization, and aggregation meaning without embedding a smaller ledger into a larger one or 

assuming neutral values for new components. It does not require σBⱼ = σBᵢ. If no such restriction exists, σ values 

remain boundary-local and are not directly comparable. For a compatible nonnegative linear scalarization: 

σB₂ = SB₂(ΞB₂) = w₁ ξB₁full + wC ξCfull + wI ξIfull,     wj ≥ 0    (15) 



 

For Equation (15), if SB₁(ΞB₁) = w₁ ξB₁
full, then T₂₁(SB₂) = SB₁ simply retains the inherited term and weight w₁ while 

omitting newly added C and I terms from the restricted rule. For a nonlinear coupled SB₂, a valid T₂₁ need not exist; 

in that case cross-boundary σ comparison is inadmissible. Under a common compatible linear rule calibration and 

independent subsystems, ξI = 0 and the special additive case follows: 

σB₂ = ξB₁full + ξCfull    (16) 

Universal monotonicity is not asserted across incompatible domain units. The invariant is component preservation 

plus coherent restriction of the relevant semantics. When a compatible nonnegative ledger scalarization exists, σB is 

monotone under addition of nonnegative components only within the declared aggregation rule. If cross-boundary 

scalar comparison is claimed, Tⱼᵢ must preserve inherited component weights, normalizations, and aggregation 

meaning; changing those semantics begins a new aggregation-rule lineage rather than an inherited extension. No 

equality is generally required between σB and ξB
full. The former aggregates declared component histories; the latter 

is produced by a rule on the complete coupled state and may contain information, such as cross-coupled traversal, 

that cannot be reconstructed from component scalar histories alone. 

Finally, every direct scalar state-time ξB
full is required to be temporally additive within a fixed boundary and 

measurement rule: 

ξBfull[t₀,t₂] = ξBfull[t₀,t₁] + ξBfull[t₁,t₂]    (17) 

Together, nonnegativity and temporal additivity of direct scalar state-time rules, contravariant restriction coherence, 

inherited rule calibration, fiberwise geometric compatibility, coordinate consistency, declared component identity, 

and component-preserving ledger composition restrict admissible state-history constructions beyond the generic 

instruction to integrate a useful predictor. Non-additive native history objects may remain in the ledger under their 

own declared composition laws without being mislabeled as ξB
full. 

3.6. Boundary expansion is not coarse-graining 

Boundary expansion and model abstraction are different operations. Boundary expansion, as used in Equations (7)-

(14), enlarges what is included while retaining the previously specified subsystem description. Coarse-graining 

deliberately reduces resolution, merges states, averages variables, or otherwise discards information. A useful 

coarse-grained model may therefore be unable to reconstruct the detailed ΓB₁ exactly; that information loss is not 

itself a violation of nested-boundary composition. 

The distinction must be declared. If cB maps a detailed history ΓB to a reduced history Γ̄B, then cB is a coarse-

graining map, not a boundary projection. Exact projection consistency is mandatory only for expansion at inherited 

resolution. When an analysis claims consistency across both expansion and coarse-graining, the two operations may 

be tested for commutation at the retained resolution: 

cB₁ ∘ π₂₁  ≈  π̄₂₁ ∘ cB₂    (18) 

where ≈ denotes equality within the declared coarse-graining tolerance or equivalence class. Failure of Equation 

(18) need not invalidate either model, but it means the coarse-grained and expanded descriptions are not 

interchangeable for the claimed history measure. 

3.7. Functional equivalence and history equivalence 

Two realizations may produce the same prescribed outputs at a chosen boundary and therefore be interchangeable 

for a functional question while accumulating different internal histories. A controller can hold plant output nearly 

fixed while its own computation, switching, heat rejection, or actuator history grows. Likewise, a larger model can 

be functionally black-box equivalent at its external ports while differing internally. State-time is relevant only when 



 

that internal history matters to the question, when the boundary is expanded to include the burden, or when the 

accumulated history predicts a later outcome. 

3.8. Worked nested-boundary example 

A synthetic example shows that the framework rules distinguish admissible from inadmissible extensions before 

any outcome fitting and also illustrates why a direct full-boundary scalar must be distinguished from a ledger 

scalarization. Let external time be t ∈ [0,2]. Begin with a one-state plant boundary B₁ whose state x follows the 

triangular history x: 0 → 1 → 0 at unit speed. Choose the geometric rule WB₁ = [1]. The accumulated plant history 

is therefore ξB₁
full = ∫|ẋ|dt = 2. 

B₁:  z₁ = x,      WB₁ = [1],      ξB₁
full = 2 

Expand the analytical boundary to B₂ = B₁ + C by including an already-present one-state controller c with history c: 

0 → 0.5 → 0. Let the controller component use WC = [1], so ξC
full = 1. Define an expanded geometric metric with ρ 

= 1/2: 

WB₂ = [[1, 1/2], [1/2, 1]] 

This extension is admissible and positive definite: its eigenvalues are 0.5 and 1.5. The inherited block is W₁₁ = 1 for 

every controller state, so a pure inherited plant direction keeps exactly its B₁ calibration. Cross-coupling is still 

allowed: for simultaneous velocities (ẋ, ċ) the full B₂ traversal contains the 2ρẋċ term, but that coupling does not 

redefine the numerical meaning of plant-only motion. The history restriction is π₂₁(x,c)=x and the rule restriction 

R₂₁(WB₂)=WB₁. The conservative component ledger is ΞB₂ = (2,1) before any optional scalarization. 

The direct full-boundary geometric measure is nevertheless not 3. During each half of the trajectory, |ẋ|=1 and 

|ċ|=0.5 with the same sign, so Equation (4) gives γB₂
full = √(1 + 0.25 + 0.5) = √1.75. Therefore: 

ξB₂
full = 2√1.75 ≈ 2.646 

If the two ledger components were independently judged commensurate and an equal-weight additive summary 

were chosen, then σB₂ = SB₂(ΞB₂) = 2 + 1 = 3. The values 2.646 and 3 are not competing definitions of one quantity. 

ξB₂
full measures traversal of the complete coupled (x,c) state under WB₂, including its cross term; σB₂ summarizes the 

preserved component histories under a separate aggregation rule. In general ξB
full ≠ σB, and neither quantity is 

required to reconstruct the other. This σB₂ is a boundary-local summary unless its aggregation rule is explicitly 

shown to extend the corresponding smaller-boundary scalarization semantics. 

Contrast this with a proposed expanded metric that makes the inherited block depend on the newly included 

controller state: 

W'B₂(x,c) = [[1 + c², 0], [0, 1]] 

This is inadmissible as ordinary boundary expansion. At c = 0.5, a unit pure-x direction has squared norm 1.25 

rather than 1, so the meaning of the previously calibrated B₁ history has changed merely because C was added. Such 

a rule could be studied only as an explicit replacement/recalibration of the B₁ model, not as an inherited extension. 

Now expand the analytical boundary again to B₃ = B₂ + T by including an already-present one-state thermal-

management subsystem θ with history θ: 0 → 0.25 → 0 and WT = [1], giving ξT
full = 0.5. Choose: 

WB₃ = [[1, 1/2, 0], [1/2, 1, 1/4], [0, 1/4, 1]] 

The upper-left 2×2 block is exactly WB₂, and WB₃ is positive definite (its eigenvalues are 1 and 1 ± √5/4, all 

positive). Thus R₃₂(WB₃)=WB₂; restricting again gives R₂₁R₃₂(WB₃)=WB₁. Direct restriction gives the same result, 

R₃₁(WB₃)=WB₁. Likewise, π₃₂(x,c,θ)=(x,c), π₂₁(x,c)=x, and π₃₁(x,c,θ)=x, so π₃₁=π₂₁∘π₃₂. The declared component 



 

decomposition is plant/controller/thermal-management, with no separate interface state in this toy model. The 

ledger obtained directly or in stages is therefore the same up to ordering and parenthesization of those declared 

components: 

ΞB₃(direct) = (2, 1, 0.5) ≅ ΞB₃(staged) 

This toy construction is intentionally simple. Its purpose is not to establish a preferred physical metric, but to 

demonstrate non-emptiness of the admissible class, the practical difference between extension and replacement, and 

the semantic distinction between a direct full-boundary measure and an optional ledger scalarization. The 

framework constrains how a larger model may inherit previously calibrated history semantics even though the larger 

system may contain new states, new couplings, and new component histories. 

3.9. Information-geometric instantiation 

The same architecture can be instantiated with an information-geometric measurement rule rather than an 

engineering weighting matrix. Let qB(t) parameterize a family of statistical states pB(y|qB), and let MB use the 

Fisher-information metric IB(qB). A direct full-boundary information-length history is then: 

ξB
full = ∫ √(q̇Bᵀ IB(qB) q̇B) dt 

For a nested expansion B₁ ⊂ B₂ with local coordinates qB₂=(q₁,qC), one admissible inherited-resolution extension of 

the B₁ information-length calibration requires the inherited block to satisfy [IB₂]₁₁(q₁,qC)=IB₁(q₁) throughout the 

relevant qC fiber. This is an admissibility assumption of the present framework, not a claim that Fisher information 

generically behaves this way whenever a statistical model is enlarged. Added nuisance parameters can change the 

effective information available about parameters of interest, for example through projection or Schur-complement 

constructions [13]. Cross blocks may remain nonzero and can therefore change ξB₂
full by encoding coupled statistical 

motion. The component ledger still preserves the previously calibrated B₁ history separately, and any σB₂ formed 

from ledger entries is a distinct aggregation. If statistical-model enlargement genuinely changes the effective 

inherited information, the framework classifies that change as a new calibration/model lineage rather than silently 

treating it as unchanged boundary expansion. This connects the framework to information-length and information-

geometric constructions used in nonequilibrium and stochastic systems [6,7], while making clear that Equation (12)-

type block preservation is a selected extension rule rather than a universal fact of inference geometry. 

3.10. Non-geometric restriction: threshold-event counting 

The restriction architecture is not limited to Riemannian or weighted-path metrics. Consider a plant boundary B₁ 

with a monitored temperature T(t). Let MB₁ count upward crossings of a declared threshold T* using a fixed 

hysteresis band, sampling rule, and interval-edge convention, producing the accumulated event history NB₁. Because 

hysteresis has memory, the event detector also carries a logical state h(t) ∈ {armed, disarmed}. The threshold, 

hysteresis band, sampling rule, edge convention, and initial detector state are part of the calibrated event semantics. 

Expand to B₂ by including a controller with its own switching-event count NC. The rule restriction R₂₁ acts on the 

rule specification - threshold, hysteresis, sampling, event convention, and detector-state semantics - and must 

recover MB₁ exactly. Separately, the ledger projection removes the realized controller-history component from ΞB₂ = 

(NB₁, NC) and recovers the realized plant history NB₁. No metric tensor or state-space arc length is required. 

By contrast, an expanded rule that changes the inherited plant event to 'count a T* crossing only when the controller 

is high,' changes the hysteresis band, resets detector state without declaration, or changes the sampling resolution 

without declaring coarse-graining does not restrict to MB₁. It is therefore a new measurement model rather than an 

inherited extension. For a temporal partition at t₁, the terminal detector state h(t₁) from the first interval is inherited 

as the initial detector state for the second interval, and the same interval-edge convention is retained. With that state 

carried forward, NB₁[t₀,t₂] = NB₁[t₀,t₁] + NB₁[t₁,t₂] without double counting. This small example gives an operational 



 

meaning to R₂₁(MB₂)=MB₁ for a genuinely non-geometric measure and narrows the role of Equations (11)-(12) to the 

geometric subclass rather than the framework as a whole. 

4. Worked Examples 

4.1. Finite transformation: cooking a steak 

Let the steak be the chosen boundary. A coarse state vector might include center temperature, surface 

temperature, water content, protein-denaturation markers, and surface-reaction state. For a teaching example, 

suppose a pre-specified scalar rule assigns one reference unit of accumulated history to a chosen raw-to-target-

cooked trajectory. 

If a high-temperature oven drives that reference accumulated transformation in one hour, its average 

accumulation rate is one reference unit per hour. If a lower-temperature oven produces the same calibrated 

accumulated quantity in two hours, its average rate is one-half reference unit per hour. The purpose of the example 

is not to assert that real steaks follow identical trajectories. Different heating schedules can produce different 

gradients, moisture loss, surface chemistry, and structural change even when center temperature matches. 

The example separates three concepts that are often conflated: elapsed time, terminal measurement, and 

accumulated transformation. The steak also demonstrates nested boundaries: the surface and center can experience 

very different state-time rates while remaining parts of the same physical object. 

4.2. Continuous operation: an LED under stable and rippled drive 
Consider two otherwise matched LED assemblies operated at the same average electrical power. Drive A 

produces nearly steady current and junction temperature after startup. Drive B contains a 100 Hz ripple of sufficient 

magnitude to create repeated excursions in current, junction temperature, or stress-sensitive internal variables. This 

is a waveform comparison only; it is not a claim that constant-voltage drive is generally superior to constant-current 

drive. 

Under a direct full-boundary metric that weights those variables, the rippled system traverses additional state-

space distance on every rise and fall. Equal average power and equal elapsed time therefore need not imply equal 

ξB
full under that chosen calibration. The framework therefore motivates the empirical hypothesis that, if repeated 

excursions contribute to wear, a well-calibrated direct history measure may correlate with degradation better than 

hours-on alone. 

This example is especially useful because there is no natural finished state. The device's useful function is 

continuous. State-time becomes an accumulated operating-history variable rather than progress toward a terminal 

goal. 

4.3. Boundary expansion: engine and cooling system 

Let B₁ contain only the engine. Combustion supplies energy; heat transfer to coolant is an export across the 

boundary. Under inadequate cooling, more thermal energy remains in engine components, which changes the 

accessible transition landscape toward lubricant breakdown, deformation, knock, or seizure. Under effective 

cooling, the same engine output can correspond to a different internal trajectory. 

Now expand the boundary to B₂ = engine + coolant loop + radiator. Heat transfer from engine metal to coolant 

is no longer a boundary loss; it is an internal exchange. The radiator/environment interface becomes the relevant 

thermal boundary. This does not make one boundary more true than the other. Each answers a different question. 

The framework requires the boundary to be explicit so state-time and energy accounting are not interpreted outside 

their scope. 

4.4. Real-system boundary check: Luminus LED boundary reclassification and thermal coupling 

A real-system boundary check can be constructed from public Luminus engineering documentation [14-16]. The 

Generation 4 CXM-14 datasheet lists the nominal 36 V CXM-14-35-80-36-AC40-F5-3 (3500 K, 80 CRI) at a 720 

mA test current and Tj = 85 °C, with 3,840 lm typical output at that declared operating condition [14]. The same 



 

datasheet states that its COB products are measured at fixture-relevant operating temperature, while 25 °C flux 

values are calculated for reference [14]. The significance for the present framework is not the numerical flux itself, 

but the explicitly specified operating/measurement context: the reported quantity is attached to a declared operating 

state rather than detached from the conditions that give it meaning. 

Independent horticultural-lighting literature makes the package-to-fixture boundary issue explicit. Kusuma et al. 

identify four fixture-level factors beyond LED-package efficacy - drive current, junction temperature, driver 

efficiency, and optical losses - and note that LED junction temperature in fixtures is typically around 85 °C [17]. 

Their representative typical-parameter calculation yields fixture efficacy equal to 67% of the reported LED-package 

efficacy after these factors are applied [17]. The same review cautions that package-based LM-80 lifetime 

projections do not include fixture optical-loss mechanisms, accelerated aging caused by higher operating 

temperatures, or catastrophic LED-driver failure [17]. These observations do not validate the present framework, 

but they independently show why package, fixture, and environment boundaries answer different performance and 

reliability questions. 

Luminus thermal-design documentation then makes the larger boundary explicit. A single-device thermal model 

relates junction temperature to ambient temperature, thermal resistance, and dissipated power, and refines dissipated 

power to Pelectrical - Poptical when optical output is accounted for [15]. More directly, a separate Luminus application 

note for the SBM-40 multi-die package publishes a manufacturer-characterized thermal cross-talk matrix in which 

each die's junction rise depends on both its own dissipated power and the dissipated power of neighboring dies [16]. 

The CXM-14 and SBM-40 are not treated as identical hardware or as one literal experimental B₁ ⊂ B₂ sequence: the 

CXM-14 demonstrates explicit single packaged COB specification context, while the SBM-40 supplies a public 

coupled-package realization of the boundary-reclassification problem. 

For the SBM-40-SC 'real' matrix, Luminus gives off-diagonal thermal coefficients in addition to each die's self-

heating coefficient [16]. In the manufacturer's worked case, optical-subtracted dissipated powers are (1.9, 2.7, 0.6, 

0.8) W for the red, green, blue, and white dies, respectively. Applying the published matrix gives junction-to-case 

rises of approximately (13.8, 24.0, 10.5, 11.1) °C, consistent with the application note [16]. Table 1 separates each 

physical total into the die's own diagonal/self contribution and the thermal influence of the other dies. 

Die Self contribution Other-die contribution Full ΔTj-c Other-die share 
Red 7.79 °C 5.98 °C 13.77 °C 43.4% 

Green 19.58 °C 4.41 °C 23.98 °C 18.4% 
Blue 2.83 °C 7.70 °C 10.53 °C 73.1% 

White 4.48 °C 6.66 °C 11.14 °C 59.8% 
Table 1. Decomposition of the Luminus SBM-40-SC manufacturer example into each die's self contribution and neighboring-die thermal 

influence, calculated from the published real thermal matrix and optical-subtracted powers [16]. For a one-die boundary, the neighboring 

contribution is external; for the full package boundary, the same contribution is internal coupling. 

The coupled burden is substantial, but boundary expansion does not change the physical junction-temperature 

response. For the red die, the total modeled junction-to-case rise is 13.77 °C at either boundary. Under B₁ = red die, 

that total may be accounted as 7.79 °C of internal self-heating plus 5.98 °C of external cross-boundary thermal 

influence from the neighboring dies. Under B₂ = four-die package, the same 13.77 °C is accounted as 7.79 °C of 

red-die self-heating plus 5.98 °C of internal neighboring-die coupling. For the blue die, the corresponding 

decomposition is 2.83 °C self plus 7.70 °C neighboring influence, totaling 10.53 °C. Thus expansion changes 

attribution and resolution, not the underlying physical response: a contribution that was external at B₁ becomes 

internal at B₂ while the inherited self-heating coefficient and total physical response remain unchanged. 

This is a static physical analogue of the boundary-reclassification rule, not an end-to-end accumulated-history 

validation. The published matrix identifies self and coupled contributions within one characterized model; it does 

not document a historical B₁-to-B₂ calibration sequence or show predictive superiority over an established LED 

reliability model. Its relevance is narrower: the same thermal burden changes classification as the analytical 

boundary moves while the inherited local term remains interpretable. Luminus also notes that MCPCB layout, 



 

thermistor location, and solder choice can alter case-to-reference thermal resistance [16], pointing to a natural next 

boundary in which board, reference, and environment state must be declared. A prospective state-time test would 

require time-resolved electrical, thermal, and optical trajectories and a pre-specified measurement rule. 

5. Structural Consequences and Empirical Hypotheses 
Three claim types must remain separate: consequences of the definitions, conformance tests for proposed 

implementations, and empirical hypotheses. A failed conformance test means the construction does not instantiate 

this methodology; empirical failure begins when a pre-specified implementation is asked to explain or predict an 

outcome. 

• Structural consequence - Matched external duration does not imply matched direct full-boundary state-time. 

Systems exposed for the same laboratory time but subjected to different forcing histories can produce different 

ξB
full when the chosen history rule is history-sensitive. 

• Structural consequence - Matched terminal state does not imply matched direct full-boundary state-time. Two 

trajectories that converge to the same measured endpoint can accumulate different ξB
full under a history-

sensitive rule. 

• Structural consequence - Matched total energy or matched average power does not imply matched direct full-

boundary state-time. Waveform, environmental constraints, and accessible transitions can change the path even 

when integrated energy is similar. 

• Structural consequence - Boundary expansion can change attribution and therefore apparent efficiency or 

stability rankings when a narrow boundary excludes controller, cooling, maintenance, or coupled-system 

burden that becomes internal or separately visible under a larger boundary. 

• Empirical hypothesis - A pre-specified, calibrated direct history measure ξB
full should improve prediction of at 

least one domain outcome - such as wear, degradation, transformation, or control burden - beyond elapsed time, 

conventional state endpoints, total energy, and the strongest relevant established domain metric. A ledger-

derived σB may also be tested if its aggregation rule is fixed independently and, when cross-boundary 

comparison is claimed, uses an aggregation rule that restricts coherently to the inherited semantics. Failure to 

add value falsifies the predictive claim for that implementation and domain; it does not by itself prove that no 

useful boundary-relative history measure exists in any other system. 

Empirical testing rule - Metric or scalarization substitution should not rescue the theory post hoc. If predictive 

performance appears only after outcome-specific state variables, weights, or aggregation rules are chosen after 

seeing the result, the test has failed. A useful implementation should survive held-out data and clearly state when it 

reduces to an existing metric. 

Structural admissibility test - Boundary expansion provides tests independent of outcome fitting. If B₁ is measured 

first and the experiment is later instrumented as B₂ ⊃ B₁ at inherited resolution, restriction of ΓB₂ must recover ΓB₁. 

For a chain B₁ ⊂ B₂ ⊂ B₃, direct and staged restrictions must agree, and the expanded measurement rule must 

restrict to the inherited rule. If ledger scalarizations are compared across boundaries, the aggregation-rule 

restrictions T must also return the inherited scalarization semantics. In a geometric product-space implementation, 

the expanded metric must satisfy the fiberwise inherited-direction conditions in Equations (11)-(12). A formulation 

that only achieves consistency by recalibrating B₁ after expansion is not an admissible implementation of the 

framework. 

6. Suggested Experimental Program 

6.1. Minimal physical test 

These experiments are deliberately prospective. Freezing the framework before outcomes are observed prevents 

later testing from redefining it to fit the data. Start with a system that has clean sensing, repeatable forcing, and a 



 

known degradation or transformation endpoint. The first question is whether boundary-first, history-sensitive 

accounting adds predictive value beyond simpler descriptions and the strongest established domain metric. 

• Choose a narrow, explicit boundary B and identify a small state vector xB. 

• Normalize the state variables using engineering-relevant scales and specify the candidate measurement rule MB 

- including any WB if a geometric implementation is used - before testing outcomes. 

• Create multiple forcing histories with matched laboratory duration and, where possible, matched total energy or 

matched terminal state. 

• Compute ξB
full for each run when a direct scalar rule is being tested; if a ledger scalarization σB is also proposed, 

compute it separately under its pre-specified aggregation rule. When σB values are compared across nested 

boundaries, pre-specify and verify the aggregation-rule restriction Tⱼᵢ(SBⱼ) = SBᵢ so inherited weights, 

normalizations, and aggregation meaning remain unchanged. Compare each claimed predictor with 

conventional baselines such as elapsed time, peak temperature, RMS current, energy consumption, and the 

strongest relevant established damage or transformation metric. 

• Separate predictor variables from the held-out outcome whenever predictive superiority is claimed. A 

degradation, optical, thermal, or other observable used directly inside MB should not simultaneously serve as 

the nominally unseen outcome unless the analysis is explicitly labeled descriptive/explanatory rather than 

predictive. 

• Test whether the pre-specified ξB
full and/or σB predicts the chosen outcome on held-out runs. If a simpler 

existing metric performs equivalently, report the reduction rather than renaming it. Refit or expand a 

measurement or scalarization rule only in a new training cycle and re-test on fresh held-out data. 

6.2. Nested-boundary coherence test 

Instrument three nested descriptions of the same physical apparatus, for example B₁ = plant, B₂ = plant + controller, 

and B₃ = plant + controller + thermal-management subsystem. Calibrate MB₁ first. Construct MB₂ and MB₃ without 

changing the inherited B₁ rule. Verify (i) π₃₁ΓB₃ and π₂₁π₃₂ΓB₃ recover the same B₁ history, (ii) R₃₁ and R₂₁R₃₂ return 

the same inherited measurement rule, and (iii) direct and staged ledger expansion produce equivalent component 

histories. For a geometric product-space realization, vary the newly included subsystem state while holding the 

inherited state direction fixed and test whether W₁₁(z₁,zC,t) remains equal to the previously calibrated WB₁(z₁,t) 

across the relevant fiber. This is a structural validation of the implementation before any combined scalar is 

attempted. 

6.3. Expansion-versus-coarse-graining test 

Repeat one nested-boundary analysis after deliberately coarse-graining the recorded state, for example by reducing 

temporal resolution or aggregating several state variables. Declare the coarse-graining map and tolerance before 

comparison. Determine whether the reduced description preserves the claimed subsystem history at that resolution 

and whether coarse-graining before versus after boundary projection yields equivalent retained histories. A failure 

here is informative: it identifies a resolution at which the proposed state-time quantity is not preserved and prevents 

coarse-graining from being mistaken for ordinary boundary expansion. 

6.4. LED example 

For an LED test bed, candidate state observables could include drive current, forward voltage, junction-

temperature proxy, board temperature, driver ripple, and thermal-management state. Optical flux or spectral shift 

may instead be reserved as held-out degradation outcomes when predictive superiority is claimed; if either is 

included inside MB, then it cannot simultaneously serve as an independent target. The Luminus case in Section 4.4 

is intentionally a boundary/coherence demonstration rather than a lifetime-validation study: the published matrix 

provides a physically grounded coupled-state calculation but not the time-resolved degradation trajectories needed 

to pre-specify and test a full accumulated-history predictor. A prospective experiment should therefore log the 

electrical and thermal trajectories continuously, declare the drive architecture and boundary decomposition in 



 

advance, calibrate MB before inspecting degradation, and compare ξB
full and any declared σB against elapsed time 

and the strongest established reliability model for the chosen devices. 

6.5. Computational test 

A computational system offers a different advantage: internal states can be logged at high temporal resolution 

without destructive sensing. A recurrent or looped model can be driven through repeated state updates while hidden-

state distance, output change, energy consumption, and convergence behavior are measured. If state-time is merely 

redundant with iteration count or energy, the distinction should fail quickly. If not, computational systems may 

provide a rapid way to refine the metric before translating it back to physical systems. 

7. Relation to Existing Work 
Boundary-relative state-time is closest in spirit to several established families of ideas but is not identical to any 

one of them. Endochronic theory is a particularly important precedent: Valanis introduced an intrinsic time not 

measured by a clock and, in early formulations, tied that intrinsic time to path length in strain space [18,19]. 

Material-time research in glasses likewise treats physical aging as governed by an internal clock and has recently 

linked material-time increments to distance traveled in configuration space [2-4]. These precedents make clear that 

intrinsic-time and path-length constructions are not new by themselves. 

Thermodynamic length provides a metric geometry on thermodynamic-state space and is related to dissipation 

and optimal finite-time transformations [5]. Information length similarly accumulates distinguishable changes in 

probability distributions and explicitly depends on trajectory history [6,7]. Dynamical activity in stochastic 

thermodynamics counts or weights transitions and has become central to kinetic uncertainty relations, response 

bounds, and thermodynamic speed limits [8-10]. Engineering and biomedical practice also contains many 

accumulated-dose constructions; the CEM43 thermal-dose formulation, for example, maps a temperature history 

into a cumulative equivalent exposure [20]. These works demonstrate that integrating a state-dependent or path-

dependent rate is an established modeling pattern. 

Boundary and interconnection modeling also has extensive precedent. Port-Hamiltonian formulations treat 

stored energy and boundary power exchange as first-class objects [21]; life-cycle assessment makes boundary 

choice and expansion explicit [22]; Willems centers admissible trajectories and interconnection [23]; compositional 

open-systems theory formalizes assembly through interfaces [24,25]; and coarse-graining open Markov processes 

separates composition from information-reducing abstraction [26]. The Set-valued history and rule assignments 

used here form presheaves on the boundary poset [11,12]. These structures are precedents, not contributions 

claimed here. 

Applied sheaf theory provides a closer precedent for local-to-global measurement consistency. Robinson's sensor-

integration framework represents heterogeneous local observations with restriction maps, tests consistency across 

overlapping local descriptions, and emphasizes faithful integration of local measurement meaning before or 

alongside fusion [27]. That work substantially anticipates the use of restriction structure to preserve heterogeneous 

measurement semantics. It does not, however, address the particular object studied here: accumulated histories 

indexed by nested analytical boundary expansion, reclassification of exchanges as the boundary moves, extension-

versus-replacement of accumulation rules, the distinction between direct full-boundary history and a component-

preserving ledger, or coherent restriction of optional aggregation rules. The present proposal therefore makes no 

novelty claim for sheaf or local-to-global consistency machinery itself. In this paper, measurement lineage is also 

distinct from ordinary data lineage or provenance, which tracks the origin, transformation, and derivation of data 

objects; here lineage denotes preservation of measurement semantics under analytical boundary inclusion [28]. 

Measurement science provides another adjacent lineage. Measurement-invariance research asks whether a construct 

retains comparable meaning across groups or occasions [29], while metrological traceability links a result to a 

specified reference through a documented calibration chain [30]. Neither directly addresses nested-boundary 

accumulated histories. Here, 'rule calibration' is broader than VIM metrological calibration: it denotes the declared 

parameterization and reference semantics of MB unless traceability is separately established. These literatures 



 

nevertheless provide precedents for preserving measurement meaning and declaring new lineages when that 

meaning changes; the present proposal applies a related discipline to boundary-indexed histories, exchange 

reclassification, and coherent restriction. 

Recent work in organisational cybernetics likewise treats system persistence as temporally structured. Osejo-

Bucheli's Temporal Viability Theory defines viability as a finite, recursively accumulated timespan shaped by 

growth, decay, intervention, latency, and recursive temporal organisation [31]. That framework asks how temporal 

structure conditions the persistence and coherence of viable socio-technical systems. Boundary-relative state-time 

addresses a different object: accumulated state evolution and preservation of measurement semantics as analytical 

boundaries change. Viability duration and accumulated state history therefore need not coincide; two systems may 

remain viable for the same elapsed interval while accumulating different boundary-relative histories, or accumulate 

similar histories while differing in remaining viability. 

A third close mathematical precedent is the classical theory of additive functionals of stochastic and Markov 

processes. Dynkin explicitly described an additive functional as a way to measure time while accounting for the 

development of the process [32], and later treatments develop positive continuous additive functionals together with 

time-change theory for Markov processes [33]. The present framework therefore does not claim novelty for 

temporally additive trajectory clocks, process-dependent time changes, or the additivity law used by ξB
full. Its 

proposed contribution begins with the additional boundary-indexed lineage constraints: inherited history and rule 

restriction, exchange reclassification, component-preserving ledgers, and coherent aggregation-rule restriction 

across nested analytical boundaries. 

Projective systems provide another direct precedent. Vilela Mendes [34] emphasizes bonding-map composition and 

consistent measures across ordered families of physical descriptions. Projective consistency is therefore established 

mathematics. Here the indexed objects are different: accumulated system histories, measurement-rule semantics, 

component ledgers, and optional scalarizations under analytical boundary inclusion rather than probability measures 

across scales. 

Formal methods provide another close structural precedent. Compositional refinement preserves designated 

behavior under refinement and composition [35], while conservative-extension results require richer theories to 

leave original behavior or derivability unchanged [36]. That is close to the extension-versus-replacement distinction 

used here. Conservative extension and compositional refinement are not claimed as new; the specific proposal is to 

apply that preservation discipline to boundary-indexed accumulated histories, measurement semantics, exchange 

reclassification, component ledgers, and optional aggregation-rule lineage. 

The proposed synthesis is therefore not a new theory of presheaves, projective limits, metrics, or additive 

functionals. Its primary claim is a systems-measurement discipline for accumulated histories: across nested 

analytical boundaries, previously declared histories and measurement semantics must remain recoverable and 

coherent if the larger description is to count as an extension of the same lineage. Geometric compatibility, 

component-preserving ledgers, and coherent aggregation-rule restriction operationalize that claim for particular 

realizations. A direct full-boundary scalar ξB
full may encode coupled traversal, whereas σB summarizes declared 

ledger components under a separate aggregation rule. The present scope is nested boundary hierarchies; gluing over 

overlapping non-nested subsystems remains outside scope. 

8. Limitations and Falsifiability 
The framework does not specify a universal measurement rule MB, direct scalar ξB

full, or ledger aggregation SB. 

Domains differ and ledger components need not be commensurate; scalarizations are boundary-local unless 

aggregation restrictions exist. Direct ξB
full quantities are limited to additive coordinates, while non-additive native 

histories may remain in ΞB. If newly modeled context shows an inherited rule was physically incomplete, the 



 

response is explicit model replacement and a new lineage, not silent recalibration. The Fisher-information example 

illustrates this case; the Luminus case illustrates reclassification with an inherited local term preserved. 

The framework can be made vacuous if state variables, boundaries, weights, sampling scales, component 

decompositions, or scalarization rules are chosen after observing outcomes. Pre-specification, cross-validation, and 

comparison with simpler baselines are therefore essential. A pre-specified ξB
full or σB that adds no value beyond the 

strongest established metric fails for that use. Structural admissibility instead asks whether the declared restriction, 

rule, coordinate, sampling, component, ledger, and aggregation-lineage requirements are satisfied. This is 

methodological conformance, not falsification of a law of nature. Repeated failure to produce nontrivial useful 

implementations would nevertheless weaken the framework's scientific value. 

State-time is not proper time in relativity, a replacement for thermodynamic time, or a claim that physical 

systems literally experience subjective time. The term time is used because ξB
full, when a scalar rule is chosen, 

parametrizes accumulated internal evolution against external laboratory time. More conservatively, boundary-

relative state-time names a class of accumulated-history constructions that obey the proposed boundary and 

coherence rules; members of that class need not share a common physical dimension. 

Coordinate and sampling dependence remain limitations. Geometric rules must transform consistently under 

reparameterization relative to the declared subsystem splitting; coordinate mixing that changes that decomposition 

is a model change. Noisy or stochastic systems require a declared observation scale or a measure designed for 

stochastic paths. The framework does not claim a unique direct scalar or ledger scalarization at arbitrary resolution. 

Retrospective restriction also depends on recorded data: a later refinement whose relevant interface or exchange 

variables were not captured at sufficient resolution cannot be reconstructed and requires a new instrumentation or 

model lineage. 

Lower direct or scalarized accumulated history is not automatically better. A dead or frozen system can have 

minimal state change while producing no useful output. Optimization must therefore be conditioned on a required 

function or output. One possible quantity is excess direct state-time: the observed ξB
full minus the lowest known 

ξB
full compatible with the task; analogous ledger-based objectives require an explicitly declared SB. 

9. Discussion 
The boundary-first view changes how several familiar engineering statements are interpreted. A stable 

subsystem may be stable because another subsystem continuously absorbs its disturbance. A low-wear component 

may be protected by a cooling system whose own history accumulates elsewhere in the ledger. A process may 

appear energy efficient because maintenance, operator intervention, or rejection of waste heat lies outside the 

accounting boundary. The compositional claim is stronger than recommending a larger boundary: when the 

boundary expands at inherited resolution, the previous subsystem description must remain a coherent restriction of 

the larger one, and direct versus staged expansion must not change the preserved history. 

The framework also clarifies the role of environmental design. Active control is sometimes necessary, but 

repeated correction is not free. If boundary conditions can be changed so that harmful transitions become 

inaccessible or less likely, the system may require less corrective trajectory while providing the same useful 

function. This is a design principle rather than a universal law: the environment itself has a cost and must be 

included when the boundary is expanded. 

The framework-definition claim and the usefulness claim should remain separate. The proposal does not depend 

on weighted arc length: Section 3.10 gives a non-geometric event-count realization, while the geometric example 

rejects an inadmissible expanded metric before outcome fitting. The Luminus case provides a real-system boundary 

check in which neighboring-die thermal burden changes from external influence to internal package coupling when 

the boundary expands, without changing the physical response or inherited self term. These examples establish 

intelligibility, non-emptiness, and structural discrimination; they do not establish predictive superiority. That 

empirical question belongs to prospective tests in which a pre-specified MB or SB is compared with the strongest 

established domain method. 



 

Biological and cognitive systems are potential future applications because their internal trajectories depend 

strongly on environment and nested control. However, such systems introduce major measurement, identifiability, 

and interpretation problems. The present framework should be validated first in systems with cleaner observability 

and repeatability. 

10. Conclusion 
Boundary-relative state-time begins with a simple discipline: define the boundary, state, exchanges, transitions, 

and accumulation rule before interpreting history. If the analytical boundary later expands at inherited resolution, 

the contained history and its measurement semantics must remain recoverable; otherwise the larger description is a 

replacement, not an extension. Coarse-graining and physical modification are separate operations. The geometric 

and event-count examples show that this requirement is nonempty and not metric-specific, while the Luminus case 

provides a real coupled-system boundary-reclassification analogue without claiming predictive validation. 

The central object is not a universal scalar but a boundary-indexed family of measurement rules, compatible 

realized histories, component ledgers, and restrictions. Direct and staged restriction must agree, and cross-boundary 

scalar comparison is allowed only when aggregation semantics also restrict coherently. The mathematical 

ingredients are established; their assembly here makes one systems claim operational: boundary expansion may 

reveal additional history and reclassify exchanges without silently rewriting the meaning already assigned to a 

contained subsystem. The framework earns scientific value only if nontrivial implementations survive prospective 

comparison with established methods. 
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